P a t r i c k S u p p e s l T h i s a r t i c l e f o c u s e s o n t h e u s e o f a n i n t e r a c t i v e theorem prover by s t u d e n t s i n a c o u r s e o n a x i o m a t i c s e t theory. The framework of u s e is d e s c r i b e d and then a number of s t u d e n t p r o o f s are p r e s e n t e d w i t h comments and e x p l a n a t i o n s . The last p a r t of t h e a r t i c l e c o n c e n t r a t e s on f e a s i b l e ways o f i m p r o v i n g t h e t h e o r e m p r o v e r , e s p e c i a l l y i n i t s t e r m -f i n d i n g c a p a b i l i t y .
T h i s a r t i c l e f o c u s e s o n t h e u s e o f a n i n t e r a c t i v e theorem prover by s t u d e n t s i n a c o u r s e o n a x i o m a t i c s e t theory. The framework of u s e is d e s c r i b e d and then a number of s t u d e n t p r o o f s are p r e s e n t e d w i t h comments and e x p l a n a t i o n s . The last p a r t of t h e a r t i c l e c o n c e n t r a t e s on f e a s i b l e ways o f i m p r o v i n g t h e t h e o r e m p r o v e r , e s p e c i a l l y i n i t s t e r m -f i n d i n g c a p a b i l i t y .
. I n t r o d u c t i o n T h e p u r p o s e o f t h i s a r t i c l e is t o describe s t u d e n t u s e o f a n i n t e r a c t i v e t h e o r e m p r o v e r t h a t h a s been developed and used over a
number of y e a r s i n t h e t e a c h i n g o f l o g i c a n d a x i o m a t i c set t h e o r y a t S t a n f o r d . A more d e t a i l e d a c c o u n t is t o b e found in v a r i o u s a r t i c l e s i n Suppes (1981a) .
B e c a u s e t h e u s e s o f t h e theorem p r o v e r are more e l a b o r a t e i n t h e c o u r s e i n a x i o m a t i c set t h e o r y we s h a l l r e s t r i c t o u r s e l v e s a l m o s t e n t i r e l y t o t h i s c o u r s e , b u t t h e r e is e x t e n s i v e u s e o f t h e t h e o r e m -p r o v i n g m a c h i n e r y b y s e v e r a l h u n d r e d s t u d e n t s a y e a r i n t h e e l e m e n t a r y l o g i c c o u r s e .

Set-theory curriculum. T h e c u r r i c u l u m o f t h e c o u r s e i n Set t h e o r y is classical. It f o l l o w s c l o s e l y t h e c o n t e n t o f t h e second
a u t h o r * s textbook (Suppes, 1960) . Chapter 1 of t h e c u r r i c u l u m 1 I n s t i t u t e f o r Mathematical S t u d i e s i n t h e S o c i a l S c i e n c e s , S t a n f o r d U n i v e r s i t y , S t a n f o r d , CA 94305. T h i s r e s e a r c h was s u p p o r t e d i n p a r t by NSF G r a n t MCS-8011975. 
James McDonald and P a t r i c k S u p p e s s u r v e y s t h e h i s t o r i c a l b a c k g r o u n d o f Z e r m e l o -F r a e n k e l set t h e o r y and j u s t i f i e s t h e need f o r d e v e l o p i n g t h e s u b j e c t a x i o m a t i c a l l y .
Chapter 2 i s concerned with general developments, namely, d e f i n i t i o n s and elementary theorems about fundamental concepts such as t h o s e o f i n c l u s i o n , u n i o n , a n d i n t e r s e c t i o n of sets, C a r t e s i a n p r o d u c t ,
power s e t , and so o n .
C h a p t e r 3 d e v e l o p s t h e g e n e r a l t h e o r y of r e l a t i o n s and functions from a s e t -t h e o r e t i c a l standpoint. Chapter 4 i s c o n c e r n e d w i t h e q u i p o l l e n c e a n d t h e c o n c e p t o f f i n i t e a n d i n f i n i t e sets.
Chapter 5 d e v e l o p s t h e t h e o r y o f c a r d l n a l n u m b e r s . S t u d e n t s t a k i n g t h e c o u r s e a t a Pass
l e v e l a r e e x p e c t e d t o g o n o f a r t h e r t h a n C h a p t e r 5.
Chapter 6 d e v e l o p s t h e g e n e r a l t h e o r y of o r d i n a l n u m b e r s , i n c l u d i n g t h e s t a
n d a r d r e p r e s e n t a t i o n t h e o r e m f o r w e l l -o r d e r e d s e t s i n terms of ordinal numbers. Chapter 7 a n a l y z e s t h e a x i o m o f c h o i c e , i t s e q u i v a l e n t s and t h e i r c o n s e q u e n c e s .
S t u d e n t e n r o l l m e n t . To g i v e a s e n s e of t h e e n r o l l m e n t i n t h e course, which has been taught entlrely a t c o m p u t e r t e r m i n a l s a s a c o m p u t e r -a s s i s t e d i n s t r u c t i o n c o u r s e s i n c e 1974, Table 1 shows t h e Table 1 Enrollment in C A I Course in Axiomatic Set Theory The e n r o l l m e n t s i n t h e c o u r s e are n o t l a r g e . It i s a s p e c i a l i z e d c o u r s e t a k e n by a small number of u n d e r g r a d u a t e s e a c h term b u t i t is a r e g u l a r s t a p l e of t h e c u r r i c u l u m . The t o t a l number of s t u d e n t s t a k i n g t h e c o u r s e e a c h y e a r i s l a r g e r t h a n it would be if' it were o f f e r e d as a l e c t u r e c o u r s e g i v e n o n c e a y e a r . ( F o r q u a n t i t a t i v e d a t a on t h i s p o i n t , see Tables 1 and 2 of Suppes and Sheehan, 1981.) Each s t u d e n t i n t h e c o u r s e p r o v e s b e t w e e n 25 and 50 theorems depending upon t h e g r a d e h e i s w o r k i n g f o r i n t h e c o u r s e . The main r e q u i r e m e n t o f t h e c o u r s e is t h e p r o v i n g o f t h e o r e m s u s i n g t h e i n t e r a c t i v e t h e o r e m p r o v e r .
S t r u c t u r e o f
program.
An overview of t h e r u n n i n g
EXCHECK program can be s e e n i n t h e f o l l o w i n g d i a g r a m , w h i c h s h o w s i t s c o n f i g u r a t i o n f o r a t y p i c a l u s e r . L e s s o n a u t h o r s u s e t h e e n t i r e s t r u c t u r e , w h e r e a s s t u d e n t s use some s u b s e t of t h e g r a p h d e s c e n d i n g f r o m t h e c o u r s e d r i v e r . E a c h l a b e l e d o b j e c t i s a
s e p a r a t e p r o c e s s r u n n i n g i n a TENEX fork on a PDP-1 O . Together they comprise over two megabytes of c o d e w i t h a n o t h e r two megabytes of d a t a s t r u c t u r e s .
/ours! Lesson Compiler D r i v e r q E d i t o r I n t e r a c t i v e P r o v e r
Audio R e s o l u t i o n P r o v e r s Parser
The d i s c u s s i o n h e r e i s c o n c e r n e d a l m o s t e n t i r e l y w i t h t h e i n t e r a c t i v e t h e o r e m p r o v e r a n d a d j u n c t r o u t i n e s , O t h e r c o m p o n e n t s p a r s e f o r m u l a s , s p e a k , p r e s e n t l e s s o n s , a n d p e r f o r m o t h e r P e d a g o g i c a l c h o r e s . S e e McDonald (1981 ) f o r a more d e t a i l e d view of t h e o v e r a l l s y s t e m , a n d o t h e r a r t i c l e s i n S u p p e s (1981a) f o r e x t e n s i v e d i 9 c u s s i o n s of e a c h o f t h e c o m p o n e n t s i n EXCHECK.
James
McDonald and P a t r i c k S u p p e s S t r u c t u r e of p r o o f s . P r o o f s c o n s t r u c t e d i n t h e EXCHECK theorem prover are done under the guidance of a command f a c i l i t y that embodies a number o f n a t u r a l p r o o f s t r a t e g i e s . T h e s e are implemented within two broad s e t s of commands: t h o s e t h a t r e d u c e a p e n d i n g g o a l t o some set o f s u b g o a l s w h i c h j o i n t l y i m p l y i t , and t h o s e t h a t i n t r o d u c e new l i n e s based upon e a r l i e r o n e s . I n b o t h c a s e s , t h e r e are f a c i l i t l e s f o r c i t i n g p r i o r a x i o m s , d e f i n i t i o n s , ax! theorems.
The a b i l l t y t o c i t e preceding theorems by name i s an l a p o r t a n t f e a t u r e of EXCHECK. There a r e more than 600 t h e o r e m s i n t h e s e t -t h e o r y c o u r s e , a n d t h e s t u d e n t s n e c e s s a r i l y m u s t u s e It i s e s s e n t i a l t h a t t h e use o f p r e c e d m g t h e o r e m s be n a t u r a l a n d e a s y :n any theorerc-proving environment i n whlch a s u b s t a n t i a l zevelopment o f a g i v e n m a t h e m a t i c a l t o p i c is expected.
I n s e c t i o n 2 and t h e appendix we g i v e a d e t a i l e d p r e s e n t a t i o n zf a s e s s i o n l n w h i c h C a n t o r ' s d i a g o n a l i z a t i o n t h e o r e n i s proved.
I n s e c t i o n 3 we g l v e e x a m p l e s o f f i n a l r e v i e w s f o r o t h e r s t u d e n t zroofs and some q u a n t i t a t l v e d a t a on t h e v a r i a b l e l e n g t h s o f ? r o o f s f o r theorems, a s g l v e n by d l f f e r e n t s t u d e n t s .
I n s e c t i o n 4
'he p r e s e n t t h e t h e o r e m p r o v e r as a s t r a t e g i c s y s t e m , a n d d e s c r l b e Sûme of t h e more i m p o r t a n t f e a t u r e s we b e l l e v e c o u l d i m p r o v e c o n s i d e r a b l y o u r i n t e r a c t i v e t h e o r e m p r o v e r . We c o n c e n t r a t e i n this d i s c u s s i o n on f a c i l i t i e s f o r term f i n d i n g .
2 . Sample I n t e r a c t i v e S e s s l o n
The f r a m e s b e l o w i l l u s t r a t e t h e b e g i n n i n g o f a r a t h e r s t r a l g h t f o r w a r d s e s s i o n which g e n e r a t e s a proof of Cantor's t h e o r e m t h a t e v e r y s e t i s s t r i c t l y less p o l l e n t t h a n i t s power I n t e r a c t l v e Theorem Prover 310 s e t . Frames f o r t h e c o m p l e t e s e s s i o n are i n c l u d e d as an appendix.
The c h a r a c t e r s i n e a c h frame a r e shown e x a c t l y as they wouid a p p e a r t o t h e s t u d e n t , e x c e p t t h a t s t u d e n t i n p u t h a s b e e n u n d e r l i n e d , a n d t h e t w o n o n -p r i n t i n g c h a r a c t e r s ESC and Control-\ are shown as $ and ! , r e s p e c t i v e l y .
W h e r e v e r n o e x p l i c i t t e r m i n a t i o n c h a r a c t e r is shown, the ESC key was p r e s s e d a f t e r t h e l a s t u n d e r l i n e d c h a r a c t e r . The n o t a t i o n of a n e q u a l s i g n f o l l o w e d by two
Colons is t h e s y m b o l u s e d f o r e q u i p o l l e n c e , aR:
c o r r e s p o n d i n g l y f o r t h e p o l l e n t i n e q u a l i t i e s .
As t h e p r o o f p r o c e e d s , EXCHECK m a i n t a i n s a g o a l -s t r u c t u r e 5 r e p r e s e n t a t l o n o f it and makes s u g g e s t i o n s b a s e d On t h a t s t r u c t u r e . P r i o r t o a c c e p t l n g a major command, the progrs?, t y p i c a l l y o f f e r s two s u g g e s t l o n s , each selectable by a s i n g l e k e y s t r o k e . T h e s u g g e s t i o n shown i? s q u a r e brackets w i l l perform 3 complete command w i t h t h e d e s c r i b e d e f f e c t , The s u g g e s t l o n ir.
p a r e n t h e s e s wrll i n i t i a t e a command, o f f e r i n g f u r t h e r s u g g e s t i o n s a s t h e e x p l l c a t i o n of t h e command p r o g r e s s e s .
A s shown h e r e , ! s e l e c t s t h e m a j o r s u g g e s t i o n , w h i l e $ selects t h e m i n o r . The r e n e w mechanism has a number o f o p t l o n s . The normal i n t e r a c t i v e r e v i e w shown b e l o w d i s p l a y s t h e p e n d l n g g o a l a n a j u s t t h o s e l i n e s w h i c h a r e a v a i l a b l e I n t h e c u r r e n t c o n t e x t . T h i s may i n c l u d e l l n e s i n h e r i t e d f r o m a s u p e r l o r c o n t e x t . O t h e r r e v i e w would show t h e p a t h o f g o a l s down t o t h e c u r r e n t l y selected o n e , o r t h e t r e e s t r u c t u r e of t h e p r o o f s t a r t m g a t some g o a l a n d proceeding down t h r o u g h a n y s p e c i f l e d n u m b e r o f l e v e l s .
I n t h e first t h r e e frames t h e s t u d e n t m e r e l y a c c e p t s t h e p r o g r a m ' s s u g g e s t i o n ( n o t e t h a t P A is t h e power s e t of A ) :
( V A ) A <:: P A
[Reduce t h e c u r r e n t g o a l w i t h a u n i v e r s a l r e d u c t i o n ]
( r e d u c e ) *L D o i n g u n i v e r s a l r e d u c t l o n 32 O James McDonald and P a t r i c k S u p p e s S o a ï G2:
;Reduce t h e c u r r e n t g o a l w i t h a n l n t In t h e f o u r t h frame t h e s t u d e n t b e g i n s t o e x e r t c o n t r o l by u s l n g t h e s u f f l c i e n c y c o n d i t i o n g i v e n i n t h e o r e m 4 . 2 . 1 , w h i c h reads ( V A , B ) ( A I:: B I f f (3 F ) F: A i n j B ) , r a t h e r t h a n e x p a n d i n g The n e x t g o a l shown w i l l b e labeled G6 s i n c e G5 was created a t t h e same time a s G 4 , when t h e c o n j u n c t i o n G3 was r e d u c e d . I n ? h l s f r a m e , t h e s t u d e n t d o e s a s h o r t p r o o f u s i n g f o r w a r d -c h a i n i n g commands. S i n c e t h e s e t t h e o r y c o u r s e u s e s a s o r t e d l a n g u a g e , i t 1 s n e c e s s a r y t o p r o v e i n l i n e 2 t h a t t h e i n d i c a t e d term IS r c t u a l l y a f u n c t i o n b e f o r e i t can b e e x i s t e r t i a l l y g e n e r a l i z e d i n l l n e 3. The command VERIFY I n v o k e s a r e s o l u t i o n t h e o r e m p r o v e r used as a b l a c k box by t h e s t u d e n t , TM:1:1 d e n o t e s t h e f i r s t term on l i n e 1 , and 1s u s e d t o s i m p l i f y t y p i n g .
EXCHECK d o e s p a r t l a l r e c o g n i t i o n o f i n p u t s t r i n g s , so " i n j e c t l g n " i n d i c a t e s t h a t t h e student typed "in j$,', t h e p r o g r a m e x t e n d e d t h a t t o , ' i n j e c t í " (which i s a m b i g u o u s b e t w e e n i n j e c t i o n a n d i n j e c t i v e ) , a n d t h e I n t h e command f o r l i n e 3 , rloccurrences (1-1 i s a m i l d l y awkward way o f i n d i c a t i n g all o c c u r r e n c e s , i n t h i s c a s e t h e first t h r o u g h t h e first.
Goal G6:
[Use e s t a b l i s h t o i n f e r t h e c u r r e n t g o a l ] 
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James McDonald a n d P a t r i c k S u p p e s An a n a l y s i s of t h e e n t i r e s e s s i o n i n t h e a p p e n d i x s h o w s t h a t s t u d e n t s do r e l a t i v e l y l i t t l e t y p i n g t o create p r o o f s . W e wish t o e m p h a s i z e t h a t t h i s was a m a j o r d e s i g n g o a l of EXCHECK, and i n f a c t , s t u d e n t s ' i n i t i a l o r i e n t a t i o n t o t h e t h e o r e m p r o v e r emphasizes a minimization of t y p i n g . E v e r y o n e r e c o g n i z e s t h e t e d i o u s n e s s o f t e c h n i c a l t y p i n g . If t h e s t u d e n t s had t o c o n s t r u c t i n i n f o r m a l m a t h e m a t i c a l l a n g u a g e a c o m p l e t e p r i n t e d p r o o f i t i s d o u b t f u l v e r y many s t u d e n t s would a c c e p t t h i s r e q u i r e m e n t . On t h e o t h e r h a n d , when t h e c o n t r o l l a n g u a g e c a n be u s e d i n a n e a s y way and most of t h e t y p i n g is done by t h e p r o g r a m , t h e s t u d e n t s c a n f e e l t h a t t h e y a r e d o i n g t h a t w h i c h is i n t e l l e c t u a l l y e s s e n t i a l and t h e r o u t i n e i s being l e f t t o t h e p r o g r a m as i t s h o u l d b e .
This matter of t h e amount of i n p u t may seem l i k e a t r i v i a l matter b u t o p e r a t i o n a l l y i t i s of great i m p o r t a n c e i n o r d e r t o make t h e u s e o f t h e i n t e r a c t i v e t h e o r e m p r o v e r a t t r a c t i v e t o u s e r s . The d e g r e e o f t e r s e n e s s f e a s i b l e f o r commands i s l i m i t e d by t h e set t h e o r e t i c k n o w l e d g e o f t h e t h e o r e m p r o v e r a n d t h e q u a l i t y o f i t s model of t h e u s e r ' s i n t e n t i o n s .
A point worthy of note i s t h a t i n t h e s t u d y o f s t r u c t u r a l p r o o f s l i t t l e if a n y a t t e n t i o n h a s b e e n g i v e n t o s u c h i n t e r a c t i v e p r o o f s . The l i t e r a t u r e on t h e s t r u c t u r e o f p r o o f s is a l m o s t e n t i r e l y d e v o t e d t o t h e c l e a n e d -u p s y s t e m a t i c p r o o f s we p u t u n d e r t h e l a b e l o f r e v i e w i n o u r p r o g r a m . From a p s y c h o l o g i c a l s t a n d p o i n t it would i n many ways b e more fundamental and i n t e r e s t i n g t o examine i n a d e e p e r way t h e s t r u c t u r e of t h e i n t e r a c t i v e v e r s i o n s of p r o o f s , F o r e x a m p l e , t h e f i n a l r e v i e w s
shown h e r e d e p i c t p e r h a p s o v e r l y d e t a i l e d p r o o f s , b u t t h e s i m p l e c o n c l u d i n g s t e p s w h i c h g i v e t h i s i m p r e s s i o n are a c t u a l l y g e n e r a t e d a u t o m a t i c a l l y by t h e g o a l m a c h i n e r y f o r c o m p l e t e n e s s , a n d i n f a c t a p p e a r f o r t h e u s e r i n t h e i r a l t e r n a t e g u i s e s of p e n d i n g o r s a t i s f i e d g o a l s .
W e t r y t o e n c o u r a g e s t u d e n t s t o u s e t h e goal machinery, a t least f o r t h e t o p f e w l e v e l s o f t h e p r o o f .
Besides r e f l e c t i n g good m a t h e m a t i c a l p r a c t i c e , it makes i t e a s i e r f o r EXCHECK t o p r o v i d e t h e s u g g e s t i o n s n o t e d a b o v e , l e t s t h e r e v i e w s be s m a l l e r by s u p p r e s s i n g i r r e l e v a n t lines, a n d h e l p s t h e t e a c h i n g a s s i s t a n t s understand a p r o o f i n p r o g r e s s s h o u l d t h e s t u d e n t n e e d h e l p . The l a s t p o i n t i s i m p o r t a n t . It i s hard for m a c h i n e s o r humans t o o f f e r a s s i s t a n c e when p r e s e n t e d w l t h e i g h t y l i n e s r e p r e s e n t i n g il m i s t a k e n s t r a t e g y f o r a p r o o f w h i c h t h e a s s i s t a n t has perhaps n e v e r b e f o r e a t t e m p t e d .
Student Proof Data
A small number o f p r o o f s will b e shown h e r e f o r i l l u s t r a t i v e purposes. Extensive data have been kept and analyzed for the e n t i r e c o r p u s of s t u d e n t p r o o f s , h o w e v e r , so t h e comments made h e r e a r e based u p o n e v i d e n c e t h a t g o e s well beyond t h e s e e x a m p l e s ,
Of t h e r u l e s o f p r o o f we will m e n t i o n , t h e d a t a show t h a t t h e c a l l on precedmg theorems i s t h e m o s t f r e q u e n t l y u s e d rule of i n f e r e n c e , C l o s e l y a s s o c i a t e d w l t h t h e u s e o f p r e c e d l n g t h e o r e m s i s t h e c a l l on p r e c e d i n g d e f i n i t i o n s . When preceding theorems and d e f m i t i o n s a r e lumped t o g e t h e r t h e y a r e by far t h e m o s t f r e q u e n t s t e p s i n p r o o f s , a s m i g h t w e l l o e e x p e c t e d ,
The s e c o n d m o s t u s e d c l a s s o f r u l e s o f i n f e r e n c e c o n s i s t s of s t a n d a r d e l e m e n t a r y l o g I c a 1 r u l e s o f i n f e r e n c e o f t h e i n f e r e n c e , u n i v e r s a l g e n e r a l i z a t l o n , e x i s t e n t i a l g e n e r a l i z a t i o n , u n i v e r s a l s p e c i f i c a t i o n , e x i s t e n t i a l s p e c i f i c a t i o n , f o r m i n g a c o n j u n c t i o n , i n f e r r i n g a member of a con j u n c t , modus ponendo ponens, e t c .
A t h i r d c l a s s of-r u l e s l e t s t h e s t u d e n t d r a w o n a r e s o l u t i o n t h e o r e m p r o v e r l a b e l e d VERIFY. The s t u d e n t i s p e r m i t t e d t o c a l l VERIFY, which will r u n f o r a f i x e d number of s e c o n d s , If a t t h e end o f t h i s s h o r t p e r i o d o f time t h e d e s i r e d i n f e r e n c e i s n o t f o u n d , t h e s t u d e n t m u s t a d o p t a n o t h e r s t r a t e g y . It i s r e p e a t e d l y 324
James McDonald a n d P a t r i c k S u p p e s p o i n t e d o u t t o t h e s t u d e n t t h a t when VERIFY d o e s n o t c o m p l e t e a desired i n f e r e n c e i t i s n o t n e c e s s a r i l y b e c a u s e t h e i n f e r e n c e i s n o t v a l i d . It may be t h a t n o t e n o u g h time was a v a i l a b l e , b u t i t
a l s o may be t h e case v t h a t t h e i n f e r e n c e was n o t c o r r e c t . VERIFY is u s e d e x t e n s i v e l y i n t h e c o u r s e . The way i n which i t i s u s e d b y s t u d e n t s i s shown below i n some s a m p l e p r o o f s . What is i m p o r t a n t i s t h a t s t u d e n t s d o become familiar with i t and do make e x t e n s i v e u s e of i t . I n o r d e r t o c o m p l e t e t h e p r o o f s i n set t h e o r y i n r e a s o n a b l e time it i s e s s e n t i a l t h a t s t u d e n t s n o t t r y to make a l l t h e i n f e r e n c e s p r o c e e d b y e x p l i c i t e l e m e n t a r y l o g i c a l s t e p s .
S t u d e n t s are c o n t i n u a l l y i n f o r m e d o f t h i s f a c t and become v e r y much aware o f it as t h e y u n d e r t a k e t h e more d i f f i c u l t p r o o f s t h e y
a r e a s s i g n e d .
C l o s e l y c o n n e c t e d w i t h VERIFY is t h e command ESTABLISH, w h i c h a i s o c a l l s t h e r e s o l u t i o n t h e o r e m p r o v e r b u t d o e s s o m e a d d i t i o n a l t h l n g s s u c h a s a n a l y z i n g t h e f o r m u l a t o be d e r i v e d by expanding t e r m s a n d r e l a t i o n s u s i n g t h e d e f i n i t i o n s a n d t h e o r e m s a v a i l a b l e t o t h e s t u d e n t . T h e r e are a nurcber o f o t h e r r u l e s t h a t t h e r e i s n a t s p a c e t o r e v i e w h e r e b u t t h a t are a v a i l a b l e t o t h e s t u d e n t .
For e x a m p l e , t h e command BOOLE c a l l s a B o o l e a n d e c i s i o n p r o c e d u r e .
We now p r e s e n t i n f i n a l r e v i e w f o r m a t s e v e r a l t h e o r e m s p r o v e d 
Again, we e m p h a s i z e t h a t t h e p r o o f s we show are e x a c t l y t h o s e produced by the program.
W e h a v e n o t i n t r o d u c e d a n y f l m a n u a l l p n o d i f i c a t i o n s of a n y s o r t .
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The f i r s t proof is of' the elementary theorem that a s e t i s i d e n t i c a l t o t h e empty set i f and only if i t has no members, The theorems often have names. I n t h i s c a s e we c a l l t h e theorem the empty theorem. Immediately a f t e r the theorem is s t a t e d o r numbered o r named, what t h e s t u d e n t must derive o r prove i s shown as i n t h e f o l l o w i n g i n s t a n c e :
(2) Set(A) 2 e l i m i n a t e u s i n g d e f i n i t i o n set
W e b e l i e v e t h a t t h i s p r o o f is q u i t e u n d e r s t a n d a b l e w i t h o u t any explanation. There are o f c o u r s e t h e u s u a l a b b r e v i a t i o n s , f o r 326
James McDonald a n d P a t r i c k S u p p e s example, C P f o r c o n d i t i o n a l p r o o f as u s e d t o c o n s t r u c t l i n e 5.
The 'command t e q u s e d t o o b t a i n l i n e 8 f r o m l i n e s 6 and 7 p e r m i t s s u b s t i t u t i o n s on t h e b a s i s of t h e r u l e s f o r t a u t o l o g y a n d e q u a l i t y . The r u l e o f i n f e r e n c e lb u s e d t o o b t a i n l i n e 12 is j u s t t h e law f o r t h e b i c o n d i t i o n a l . N o t i c e f i n a l l y t h a t l i n e 3 i s o b t a i n e d by e l i m i n a t i n g t h e n o t a t i o n o f l i n e 2 by u s i n g t h e d e f l n i t i o n o f a s e t . The p o i n t i s we b e l i e v e t h a t t h e p r o o f i s r e a d a b l e w i t h v e r y l i t t l e e x p l a n a t i o n a n d w i t h o u t a n y r e l i a n c e o n programming concepts. W e e m p h a s i z e t h a t t h e s t u d e n t s u s i n g t h e I n t e r a c t i v e t h e o r e m p r o v e r are n o t r e q u i r e d t o h a v e a n y k n o w l e d g e whatsoever of programming, ahd no knowledge o f programming of any kind i s t a u g h t i n t h e c o u r s e .
The n e x t p r o o f is of theorem 2 ' 1 0 . 6 o f C h a p t e r 2 .
T h i s i s t h e s t a n d a r d t h e o r e m s t a t i n g t h a t i f A i s a s u b s e t o f B t h e n t h e union of the sets i n A i s a s u b s e t o f t h e u n i o n of t h e s e t s l n B .
Derive :
10 theorem using theorem 2 . IO. 
But o f c o u r s e t h e s i m p l i f i c a t i o n h e r e
is n o t a n e q u i v a l e n c e b u t a n i m p l i c a t i o n .
The next theorem, again a s t a n d a r d e l e m e n t a r y t h e o r e m ( 2 . 1 2 . 9
of Chapter 21, is t h e t h e o r e m t h a t t h e u n i o n o f t h e p o w e r set of A and t h e power s e t of B is a s u b s e t of t h e power set of A union B ,
A l t h o u g h t h i s p r o o f c o n t a i n s 25 s t e p s , t h e f l o w o f s t e p s is q u i t e t r a n s p a r e n t and n a t u r a l .
All t h a t i s n e e d e d f o r c o m p l e t e a m p l i f i c a t i o n is a l i s t i n g of some o f t h e p r i o r t h e o r e m s t h a t are u s e d , b u t t h e c o n t e n t o f t h e s e p r i o r t h e o r e m s i s a l r e a d y p r e t t y
obvious from the proof i t s e l f .
1 e l i m i n a t e u s i n g t h e o r e m u n i o n
( 5 ) C E P B iff C ! Z B 3 r e p l a c e u s i n g 4 , 5 ( 6 ) C C A or C-C B assume (7) C 'EA 7 , 6 t a u t o l o g y ( 8 ) C E B 8 e l i m i n a t e u s m g d e f i n i t i o n s u b s e t I n 1978-79 we examined 9 valid proofs of t h i s theorem. They had a mean length of 12.1, t h e median was 1 1 , t h e minimum was 5, and the maximum was 19, which is shorter than the proof given here. The reason i a t h a t n o t a l l t h e a u t o m a t i c e l e m e n t a r y s t e p s shown above were i n c l u d e d i n t h e e a r l i e r p r o o f , The c l o s e l y r e l a t e
d theorem t h a t t h e power s e t of t h e i n t e r s e c t i o n of A and B is equal t o t h e i n t e r s e c t i o n of' t h e power s e t o f A and t h e power s e t o f B had much longer proofs.
The mean of l 3 proofs was 20.3, the median was 18, the minimum was 5 , and t h e maximum was 50.
As t h e f i n a l sample theorem from Chapter 2 on g e n e r a l developments we give the proof of Theorem 2.15.3. It i s t h e f a m i l i a r theorem t h a t uses especially the axiom of r e g u l a r i t y t o prove t h a t given any two s e t s i t cannot be the case that each i s a member of t h e o t h e r .
One point of notation i n the theorem does need comment. Because of the need f o r l i n e a r n o t a t i o n i n t h e e x u t e n t i a l s p e c i f i c a t i o n i n l i n e 1 1 , t h e n o t a t i o n t h a t would o r d i n a r i l y be subscripted i s n o t , so "xOfl i s used r a t h e r t h a n r r~~l f . This notation occurs in subsequent lines. The I n 1978-79 we examined 25 p r o o f s o f t h i s theorem. The mean l e n g t h was 18.7, t h e median was 1 9 , t h e minimum was 9, and t h e maximum was 26 l i n e s .
To show i n a s t r i k i n g way how much t h e l e n g t h o f p r o o f s c a n vary we c o n t r a s t t h e s t r a i g h t f o r w a r d m a t h e m a t i c a l l y t r a n s p a r e n t proof given above for Cantor's theorem w i t h a v e r y much s h o r t e r second proof.
T h i s proof of Cantor's theorem does no simple goal r e d u c t i o n s and uses VERIFY much more powerfully.
As a r e s u l t , i t c o n s i s t s o f o n l y n i n e l i n e s , i n s t e a 
On t h e o t h e r h a n d , i t 1s q u i t e clear what t h e l i n e of argument i s . While t h i s proof 1s much s h o r t e r t h a n t h e 34 l i n e p r o o f d e s c r l b e d e a r l i e r , many of t h e l i n e s i n t h e goal s t r u c t u r e d proof were generated by a s i n g l e k e y s t r o k e . I n t h e p r o o f immediately above, t h e s t u d e n t needed t o t y p e s e v e n f o r m u l a s w i t h a t o t a l o f 148 c h a r a c t e r s . I n t h e g o a l s t r u c t u r e d p r o o f , t h e s t u d e n t a l s o needed t o e n t e r s e v e n f o r m u l a s , w i t h a t o t a l o f 108 c h a r a c t e r s .
We examined 24 student proofs from 1978-79 of Cantor's theorem. The mean number of l i n e s was 2 9 . 9 , t h e medlan was 25, t h e mlnlmum was 25, and t h e maximum was 70.
W e g i v e j u s t one example of a theorem about cardinal numbers.
Theorem 5.4.2 states a s t a n d a r d n e c e s s a r y a n d s u f f i c i e n t c o n d i t i o n f o r a c a r d l n a l number t o be a t r a n s f i n i t e c a r d i n a l , n a m e l y , t h a t It be i d e n t i c a l t o i t s e l f plus one. Note t h a t t h e r e is a s l i g h t l y s u b t l e m a t t e r I n v o l v e d i n t h e d i s t i n c t i o n b e t w e e n i n f i n l t e cardinals and t r a n s f i n i t e c a r d i n a l s . An l n f i n i t e c a r d i n a l i s t h e c a r d i n a l o f an l n f i n i t e s e t . A t r a n s f i n i t e c a r d i n a l i s t h e c a r d l n a l o f a Dedeklnd i n f i n i t e s e t . Recall t h a t a Dedekind f l n l t : . c e t i s a set t h a t i s e q u i p o l l e n t t o a p r 3 p e r s u b s e t o f l t s e l f . I n t h e s e n s e u s e d here, an i n f i n i t e set i s o n e t h a t i s n o t e q u i p o l l e n t t o a n y n a t u r a l n u m b e r , a l t h o u g h t h i s is n o t t h e f o r m a l d e f i n i t i o n w h i c h i s g i v e n i n d e p e n d e n t o f t h e c o n c e p t o f n a t u r a l n u m b e r . S t a n d a r d p r o o f s o f t h e e q u i v a l e n c e of Dedekind l n f l n i t y a n d o r d i n a r y i n f i n i t y r e q u i r e t h e u s e of t h e axiom of I n t e r a c t i v e Theorem Prover 959 choice. Thus t h e d i f f e r e n c e b e t w e e n i n f i n i t e and t r a n s f i n i t e c a r d i n a l s is n o n t r i v i a l .
assume ( Note a b l e m i s h i n t h e p r i n t i n g o f this proof' by t h e p r o g r a m .
The "t" f o r t r a n s f i n i t e c a r d i n a l i s c a p i t a l i z e d when i t b e ß i n s a l i n e a n d o t h e r w i s e n o t .
W e examined 7 v a l i d s t a n d a r d p r o o f s o f t h i s t h e o r e m g i v e n by s t u d e n t s i n 1978-79.
The mean number o f l i n e s was 20 . O , t h e median was 2 1 , t h e minimum was 1 3 , a n d t h e maximum was 24. The v e r y e x p l i c i t s t u d e n t p r o o f g i v e n h e r e i s l o n g e r t h a n t h e maximum of t h i s e a r l i e r g r o u p .
Two t h e o r e m s t h a t r e q u i r e t h e a x i o m o f c h o i c e a n d are o f t e n a s s i g n e d t o s t u d e n t s as t h e p a r t o f t h e i r work from Chapter
are t h e law of trichotomy and the Teichmüller-Tukey Lemma t h a t a n y s e t of f i n i t e c h a r a c t e r h a s a maximal element. Examination of 14 v a l i d s t u d e n t p r o o f s of t h e law o f t r i c h o t o m y y i e l d e d t h e f o l l o w i n g d a t a :
mean number of l i n e s was 24.6, median was 2 4 , minimum was 13, and maximum was 4 0 .
N i n e p r o o f s of t h e
Teichmüller-Tukey Lemma had a mean l e n g t h of 41.8, a median of 44, a minimum o f 2 5 , and a maximum of 61.
The v a r i a b i l i t y l n l e n g t h o f p r o o f s o f a given theorem would
have been greater i f we had examined a l a r g e r s a m p l e .
I n o u r e x p e r i e n c e t h e main s o u r c e of' v a r i a t i o n is t h e e x t e n t t o which s t u d e n t s use the powerful and complex commands, e s p e c i a l l y VERIFY
and ESTABLISH, about which we have something more t o s a y i n t h e n e x t s e c t i o n .
. S t r a t e g i c C o n s i d e r a t i o n s
The proofs reviewed above give a r e a s o n a b l e s e n s e o f how t h e c u r r e n t program b e h a v e s , a l t h o u g h o f c o u r s e t h e f u l l r a n g e o f i t s c a p a b l l i t i e s c a n n o t b e d e s c r i b e d so b r i e f l y .
S t u d e n t s t y p i c a l l y s p e n d t h e f i r s t two o r t h r e e weeks becoming f a m l l i a r w i t h t h e machinery while proving some elementary theorems, and may l e a r n more advanced commands o r f e a t u r e s as t h e n e e d a r l s e s l a t e r in t h e c o u r s e . W e r e c e l v e o c c a s i o n a l c o m p l a i n t s a b o u t t h e time needed t o l e a r n co use EXCHECK, and t h u s h a v e s t r i v e n t o k e e p t h e u s e o f I t a s s i m p l e a s p o s s i b l e .
The suggestions made by EXCHECK can be b e s t u n d e r s t o o d by v i e n n g them a s a c o l l e c t i o n of s t r a t e g i e s . The s i m p l e s t o f t h e s e s t r a t e g i e s , f r o n b o t h t h e s t u d e n t s ' v i e w p o l n t a n d t h e c o m p l e x i t y o f o u r programming e f f o r t , is t h e r e d u c t i o n o f g o a l s u s i n g
s e n t e n t l a l o p e r a t i o n s a n d t h e r e p l a c e m e n t o f u n i v e r s a l l y q u a n t l f l e d s e n t e n c e s w i t h s e n t e n c e s c o n t a i n i n g f r e e v a r l a b l e s .
Among t h e r e l a t e d s y n t h e t i c commands, TAUTOLOGY and BOOLE p r o v i d e u s e f u l d e c l s i o n p r o c e d u r e s . A l m o s t a l l p r o o f s u s e s u c h s t r a t e g i e s , e s p e c i a l l y a t t h e t o p l e v e l , b u t p e r h a p s n o n e of them
can proceed to completlon wlthout using other, more complex s t r a t e g i e s .
As mentloned e a r l i e r , t h e m o s t u s e f u l o f t h e s e i s s i m p l y t h e c i t a t i o n of a previous axiom , d e f i n í t i o n , o r t h e o r e m . T h i s c a n b e t h o u g h t o f a s g o a l r e d u c t i o n v i a s t a n d a r d s u f f i c i e n c y c o n d i t i o n s .
I n g e n e r a l , t h e r e may be a l t e r n a t i v e s e t s o f s u f f i c i e n c y c o n d l t i o n s , I n w h l c h c a s e t h e p r o g r a m must somehow d e c i d e w h i c h James McDonald and P a t r i c k S u p p e 3 r e d u c t i o n t o s u g g e s t .
An a n a l y s i s from first p r i n c 
A r t i c l e s on EXCHECK, M Y C I N , PROSPECTOR a n d s e v e r a l r e l a t e d s y s t e m s can be found in Barr and Feigenbaum (1982). EXCHECK, l i k e o t h e r e x p e r t s y s t e m s , e m p h a s i z e s t h e n e e d for e x p l i c i t l y e n c o d e d e x p e r t knowledge, as opposed t o a p r i o r i p r i n c i p l e s . B l a i n e made many l o c a l d e c i s i o n s as t o w h a t t h e b e s t r u l e would be i n a g i v e n s i t u a t i o n , u s i n g g e n e r a l n o t i o n s a b o u t t h e a v a i l a b i l i t y o f t h e o r e m s , t h e power of t h e e x i s t i n g m a c h i n e r y , a n d p e d a g o g i c a l c l a r i t y .
The theorem list went through many r e v i s i o n s i n t h i s p r o c e s s , a n d r e p r e s e n t s a s i g n i f i c a n t i m p r o v e m e n t o v e r t h e o r i g i n a l l i s t .
W e c a n n o t e m p h a s i z e t o o s t r o n g l y t h a t g o o d
pedagogical programs will n o t b e a b l e t o do e v e r y t h l n g f r o m first p r l n c i p l e s . A l o t o f k n o w l e d g e a n d e x p e r i e n c e m u s t b e e n c o d e d .
T h e r e a r e limits o f c o u r s e t o t h e g u l d a n c e t h a t EXCHECK c a n provide. Sometunes it s i m p l y m a k e s a n i n a p p r o p r i a t e s u g g e s t i o n , o r f a i l s t o n o t i c e t h a t a p r e -e x i s t l n g t h e o r e m w o u l d b e u s e f u l .
P o o r e r s t u d e n t s c a n b e w a y l a i d i n s u c h s i t u a t i o n s , b u t t y p i c a l l y s t u d e n t s r e c o g n i z e when t h e p r o g r a m i s m a k i n g p o o r s u g g e s t i o n s a n d Ignore them. W e t r y t o e m p h a s i z e t o t h e s t u d e n t s t h a t t h e y s h o u l d make t h e i r own d e c i s i o n s a b o u t
t h e b e s t a p p r o a c h , a n d o n l y t h e n make u s e of t h e p r o g r a m ' s s u g g e s t i o n s , a s s u m i n g t h e y a g r e e .
A n e c d o t a l e v i d e n c e i n d i c a t e s t h a t e v e r y term a few s t u d e n t s h a v e
o n e o r t w o s e s s i o n s w h e r e t h e y i n a p p r o p r i a t e l y p u r s u e t h e p r o g r a m ' s m i s t a k e n s t r a t e g y .
No s t u d e n t s seem t o h a v e s i g n i f i c a n t p r o b l e m s l n t h i s r e g a r d .
I n t e r a c t i v e Theorem P r o v e r 337
On a m o r e f u n d a m e n t a l l e v e l , t h e r e are two major s i t u a t i o n s i n which EXCHECK is almost t o t a l l y u n a b l e t o o f f e r g u i d a n c e , 
c l a s s e s g e n e r a t e d by t h e a s s e r t i o n s a n d t h e d e n i a l o f t h e c o n c l u s i o n . T h i s c o d e c a n b e i n v o k e d b y t h e p r o o f c h e c k e r , b u t f u n c t i o n s as a b l a c k b o x w r i t t e n i n
a s e p a r a t e l a n g u a g e a n d r u n n i n g i n a s e p a r a t e p r o c e s s .
T h u s i t would be h a r d t o i n t e g r a t e .
A n i c e e x t e n s i o n o f EXCHECK would have i t p r o c e e d , when t h e c u r r e n t g o a l i s t o f i n d a c o n t r a d i c t i o n , t o i n t e r n a l l y c o n s t r u c t a purported model of t h e g i v e n a s s e r t i o n s a n d t h e n p r o c e e d t o d i s c o v e r new r e l a t i o n s t o be added t o t h a t model, under t h e d i r e c t i o n o f t h e s t u d e n t .
E v e n t u a l l y t h e purported model would b r e a k d o w n , o r t h e s t u d e n t would s e e how t h e s t r a t e g y was f a i l i n g .
R e l a t i o n s w o u l d b e added by s t r a i g h t f o r w a r d l y t e s t i n g a l l p o s s i b l e r e l a t i o n s among a l l t h e t e r m s i n t h e purported model.
Such a s t r a t e g y se"ems t o s k i r t e x p o n e n t i a l l y e x p e n s James McDonald and P a t r i c k S u p p e s n e i t h e r A f ( A ) n o r A l ! C f(A), t h e n t h e terms {A: A C f ( A ) ) and { A : A -, C f(A)) would be g e n e r a t e d . It would also g e n e r a t e terms d e n o t i n g t h e u n i o n a n d i n t e r s e c t i o n f o r e a c h s u c h s e t , as well a s t he minimal and maximal elements I f x h A -y E A , c h e c k t o see i f x = y .
If x and y a r e n o t o r d i n a l s a n d are n o t a t a d j a c e n t l e v e l s l n t h e c o n s t r u c t a b l e h i e r a r c h y , d o n o t a t t e m p t t o r e l a t e t h e m .
A b e t t e r s e t c o u l d b e e m p i r i c a l l y d e t e r m i n e d .
P a p e r -a n d -p e n c i l o b s e r v a t i o n s i n d i c a t e t h a t t h e c o n t r a d i c t i o n -s e e k i n g s t r a t e g y d e s c r i b e d h e r e i s s u f f i c i e n t t o l e t
EXCHECK g e n e r a t e a well motivated proof of Cantor's theorem, ln which not much more than a dozen terms are a c t i v e l y c o n s i d e r e d i n t h e p u r p o r t e d mod e l .
Term F i n d i n g . A s t r a t e g y f o r s o l v i n g e x i s t e n t i a l a s s e r t l o n s a p p e a r s t o b e a much more f o r m i d a b l e u n d e r t a k i n g , s i n c e t h e r e a r e f e w e r c o n s t r a i n t s o n t e r m s t o b e c o n s i d e r e d . This precludes the I1zig-zagV1 proof sometimes presented for t h i s t h e o r e m , w h i c h s u c c e s s i v e l y p i c k s a n t unseen element x and then f 0 1 1 0 W S t h e s e q u e n c e of a p p l i c a t i o n s
A few s t r a i g h t f o r w a r d g o a l r e d u c t i o n s u s i n g s i m p l e l o g i c a n d t h e d e f l n l t i o n s o f l e s s -p o l l e n c e and e q u i p o l l e n c e s o o n l e a d t o t h e f o l l o w i n g r e v i s e d s i t u a t i o n :
In other words, we h a v e a n i n j e c t i o n f r o m A i n t o B , a n i n j e c t i D n from B I n t o A , and t h e g o a l 1s t o f i n d a b i j e c t i o n b e t w e e n A anc 
B. U n f o r t u n a t e l y , t h e r e a r e no o b v i o u s c l u e s a s t o w h a t t h a t biJectlon might be.
A t r a d i t i o n a l p e d a g o g i c a l p r e s e n t a t i o n o f t h i s p r o o f m i g h t introduce the operator Echo(C)
=
r e s t r i c t e d t o A * , and i n v ( G ) is t h e i n v e r s e o f G .
Presumably t h e s t u d e n t c a n u n d e r s t a n d t h a t s u c h a proof works, and may f u r t h e r u n d e r s t a n d t h a t r e c o g n i t i o n o f a f i x e d point was a u s e f u l t r i c k h e r e . Beyond t h a t , h o w e v e r , i t i s n o t c l e a r how well the proof can be i n t e r n a l i z e d a s a n y t h i n g beyond an ad hoc s o l u t i o n .
The c l a i m we make i s t h a t g e n e r a l , i n t e l l i g l b i e h e u r i s t i c s can be used t o f i n d t h e p r o o f s k e t c h e d a b o v e , i n such a way t h a t no m a j o r l e a p s a r e r e q u i r e d beyond t h o s e e x p l i c i t l y sanctioned by t h e h e u r i s t i c s .
The strategy employed will amount t o a h i g h l y c o n s t r a l n e d search through the Herbrand Unlverse, using f i l t e r s derived from the statement of the problem. A number o f p o w e r f u l h e u r i s t i c s will be u s e d , b u t a l l of them are motivated by g e n e r a l
o p e r t i e s , Occam's r a z o r , c o n s t r u c t i o n s i n t h e g e o m e t r i c s e n s e , t h e s t r e n g t h e n i n g of some g o a l s t o e l i m i n a t e other g o a l s , a n d t h e g e n e r a t i o n o f simple examples and counterexamples within models such as i n t e g e r a r i t h m e t i c . The u s e o f a s t r u c t u r e d d a t a b a s e f o r c o n c e p t s will a l s o b e i m p o r t a n t , Given t h a t t h e g o a l a n d l i n e s 1 and 2 are e x p r e s s e d i n f a i r l y c o n d e n s e d n o t a t i o n , t h e first s t e p i s t o e x p a n d d e f i n i t i o n s t o a more e x p l i c i t s t a t e m e n t of t h e s i t u a t i o n , T h i s is done by c o n s u l t i n g a d a t a b a s e t h a t s p e c i f i e s t h e i n t e r e s t i n g p r o p e r t i e s o f a term. Some o f t h e s e p r o p e r t i e s will b e s u f f i c i e n c y c o n d i t i o n s , w h i l e o t h e r s will e x p r e s s e q u i v a l e n c e r e l a t i o n s . I n e s s e n c e , t h e d a t a b a s e s h o u l d c a p t u r e c o n c e p t s t h a t a r e l u r k i n g b e n e a t h t h e s u r f a c e i n t h e t r a d i t i o n a l r e p r e s e n t a t i o n .
Paper does not provide a good medium f o r e x p r e s s i n g d a t a b a s e r e l a t l o n s . I n t h e i n t e r a c t i v e EXCHECK e n v i r o n m e n t , t h e s t u d e n t would b e a b l e t o v i e w n u m e r o u s r e p r e s e n t a t i o n s . The f o l l o w i n g r e p r e s e n t a t i o n , f o r e x a m p l e , s h o w s t h e o r i g i n a l g o a l a n d a s s u m e d l i n e s , w i t h t h e g o a l e x p l i c a t e d a s a s e t o f j o i n t l y s u f f i c l e n t c o n d i t i o n s , a n d w i t h t h e assumed l i n e s e x p l i c a t e d by a s e t o f some immediate consequences.
Goal: H:
A review of 1-1 ( x ) would show t h a t i t i s e q u i v a l e n t t o 
A l t e r n a t i v e l y , t h e s t u d e n t m i g h t v i e w t h e r e l a t i o n s t h a t h o l d
f o r b l j e c t i o n s : A g e n e r a l h e u r i s t i c w h i c h c a n b e e x p l a i n e d t o t h e s t u d e n t a t t h i s p o n t i s t o decompose the goal i n t o a set o f c o r , d i t i o n s w h l c h a r e j o i n t l y s u f f i c i e n t .
A s u b -h e u r i s t i c is t o n o t d e c o m p o s e s t a t e m e n t s o f e q u a l i t y o r t y p e d e c l a r a t i o n s , s l n c e t h e r e a r e o f t e n e f f i c i e n t ways t o t e s t f o r s u c h c o n d i t i o n s .
EXCHECK now h a s a b e t t e r r e p r e s e n t a t i o n o f t h e p r o b l e m , b u t t h e r e 1s s t i l l no c l e a r way t o p r o c e e d .
The c e n t r a l h e u r l s t i c t o be employed now is t h a t a n y term u s e d i n t h e p r o o f c a n p r o b a b l y b e e x p r e s s e d a s a ( p o s s i b l y c o m p l e x ) o p e r a t i o n on terms a l r e a d y p r e s e n t i n t h e e x p a n d e d s t a t e m e n t o f t h e p r o b l e m . A f u r t h e r assumption i s t h a t t h i s c o m p l e x o p e r a t i o n c a n be e x p r e s s e d i n terms of operators ranked a p r i o r i f o r e x p e c t e d r e l e v a n c e .
For e x a m p l e , f u n c t i o n a l a p p l i c a t i o n i s h i g h l y r e l e v a n t f o r f u n c t i o n s , r e s t r i c t i o n and images are p e r h a p s l e s s r e l e v a n t , w h i l e c o m p o s i t i o n , u n i o n , a n d i n t e r s e c t i o n are o f m o d e r a t e i n t e r e s t .
C a r t e s i a n p r o d u c t s o f f u n c t i o n s a n d p o w e r s e t s o f f u n c t i o n s are below t h e t h r e s h o l d f o r immediate c o n s i d e r a t i o n .
The f i r s t check i s t o see if any term a l r e a d y p r e s e n t s a t l s f i e s t h e g o a l . A and B q u i c k l y f a i l s i n c e t h e r e i s no r e a s o n t o b e l i e v e t h e y a r e f u n c t l o n s . I n f a c t , t h e p r o g r a m c a n n o t e t h a t t h e y a r e u n c o n s t r a i n e d i n t h i s r e g a r d , a n d The s t u d e n t would b e a b l e t o m a n i p u l a t e t h e e n t i r e s e t independent. All of t h e i r p r o p e r t i e s will be solved for i n l a t e r s t a g e s .
The t e r m c o n s t r u c t o r now has access t o new f r e e terms, which will be represented as x* , x**, e t c . As t h e i r p r o p e r t i e s become d e f i n e d , t h e y may b e r e -r e p r e s e n t e d as A * , F**, e t c . t o c l a r i f y t h e i r t y p e , T h u s , F i x * , i n v ( G ) l x * , What i s l n t e r e s t i n g i s t h a t n o n e o f t h e s e c o n d i t i o n s are e a s i l y r e f u t a b l e .
Given such a p r o m i s i n g c a n d i d a t e , t h e o r i g i n a l e x i s t e n t i a l g o a l c a n now be reduced by a lemma which claims t h a t
From t h e s e we get:
t r i c k S u p p e s A) and t h a t ( V A,B)(A _C B -
and t h e n Given these two g o a l s , t h e r e i s no obvious way t o d e r i v e o n e from t h e o t h e r .
However, i f t h e s e c o n d g o a l is s t r e n g t h e n e d t o b e C A -G"(B -FtIC), then assuming i t t r u e , t h e f i r s t c a n b e proved i n e a s y s t e p s : O v e r a l l , o u r p r o o f now r e v i e w s a s :
In t h e c u r r e n t EXCHECK c o u r s e , t h i s g o a l is i n f a c t p r e s e n t e d a s a lemma i n t h e t h e o r e m list t o f a c i l i t a t e t h e S c h r o e d e r -B e r n s t e i n p r o o f .
Viewing i t as a s e p a r a t e p r o o f , we c a n p r o c e e d w i t h t h e same t e r m f i n d i n g s t r a t e g y as above, a f t e r f i r s t r e d u c i n g t h e u n i v e r s a l l y q u a n t l f i e d g o a l t o o n e w i t h f r e e v a r i a b l e s : I n t e r a c t i v e Theorem Prover If C = A , t h e n G"(B -FHA) must be t h e e m p t y s e t , b u t a c o u n t e r e x a m p l e t o t h i s c a n e a s i l y be found which i s c o n s i s t e n t w i t h t h e c u r r e n t assumptions. For example, l e t A and B e q u a l t h e set of F n t e g e r s , l e t F ( x ) 2x, and l e t G(x)
x. On t h e o t h e r h a n d , if C = B, t h e n we can assume A = B a n d o b t a i n t h e same u n a t t a i n a b l e g o a l t h a t
Thus t h e r e are no terms e v e n p a r t i a l l y s u c c e s s f u l f o r t h e s e c o n d s t a g e , so we proceed t o c o n s i d e r t h e f o l l o w i n g a b s t r a c t i o n t e r m s , a l o n g w i t h t h e u n i o n a n d i n t e r s e c t i o n of e a c h s u c h s e t , a n d t h e u -mmimal and maximal elements:
F i x e d -p o i n t c o n s i d e r a t i o n s make U I C : C E A -G"(B -F"C)} and flIC: A -G"(B -FtIC) C C) h e u r i s t i c a l l y i n t e r e s t i n g . G i v e n t h e f i r s t , we g e n e r a t e t h e f o l l o w i n g situation:
UE _C Echo( UE) and Echo( UE) EUE If we assume UE _C E c h o ( U E ) , t h e n t a b l e -d r i v e n h e u r i s t i c s f o r f u n c t i o n s g e n e r a t e t h e f o l l o w i n g s e q u e n c e :
Echo( UE) _C Echo(Echo(UE)) James McDonald and P a t r i c k S u p p e s
But t h i s i m p l i e s E c h o ( U E )
E E , h e n c e E c h o ( U E ) C UE, so we c a n e l i m i n a t e o n e s u b -g o a l t o o b t a i n t h e f o l l o w i n g s i t u a t i o n :
A l t e r n a t l v e l y , we c o u l d h a v e d e f i n e d E { C : Echo (C) C c } and a r r l v e d a n a l o g o u s l y a t t h i s s i t u a t i o n :
Goal: Echo(flE) E n E The o n l y d a n g e r i s a l o s s of f a i t h t h a t s u c h a l o n g p r o c e d u r e will t e r m i n a t e s u c c e s s f u l l y . P r e s u m a b l y t h e p r o g r a m w o u l d k e e p h i d d e n most of t h e f a i l e d a t t e m p t s a t -=rious stages, so t h a t s t u d e n t s would see r o u g h l y t h e material p r e s e n t e d here.
The e x t e n s i o n described d o e s n o t e x i s t i n a n y r u n n i n g form, and would represent a s u b s t a n t i a l e f f o r t --m o r e t h a n a y e a r of s o l i d w o r k . I n p a r t i c u l a r , EXCHECK s h o u l d be r e w r i t t e n t o c o n v e r t i t c o m p l e t e l y t o L I S P , a n d t o e n h a n c e i t s a b i l i t y t o handle such t h i n g s as r e s t r i c t e d q u a n t i f i e r s . T h a t e f f o r t a l o n e would be months o r p e r h a p s a y e a r o f w o r k f o r a n y o f t h e o r i g i n a l programmers for EXCHECK, a n d m i g h t r e q u i r e s e v e r a l y e a r s i f done by other people. Thousands of pages of code are i n v o l v e d .
If t h i s were d o n e , h o w e v e r , t h e r e s u l t w o u l d be a n e l e g a n t B l a i n e , L . Programs for s t r u c t u r e d p r o o f s . I n P . SUPPes (Ed ) U n i v e r s i t y l e v e l c o m p u t e r -a s s i s t e d i n s t r u c t i o n S t a n f o r d : 1 9 6 8 -
1980.
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